Abstract. We characterize the Lebesgue state of a free finitely generated unital lattice-ordered abelian group G in terms of its value at each element of each basis of G. This significantly strengthens one of the main results of our previous paper (co-authored by D. Mundici) with the same title as the present one. As a consequence of independent interest, we obtain a statetheoretic characterization of free finitely generated objects in the category of unital latticeordered abelian groups and their unit-preserving lattice-group homomorphisms.
Introduction
This note is an addendum to [2] , to which we refer for background and references. We are concerned with unital (abelian) l-groups, that is, lattice-ordered abelian groups with a distinguished strong order unit.
Throughout, let us fix an integer n d 1. We write G n for the free unital l-group on n free generators [2, (2.2) ]. We write ½0; 1 n J R n for the real unit n-cube. The collection Mð½0; 1 n ; RÞ of all continuous piecewise linear functions f : ½0; 1 n ! R such that each linear piece of f has integer coe‰cients is a unital l-group under pointwise addition and order, with unit the constant function with value 1. It is known (cf. [2, (2) ]) that Mð½0; 1 n ; RÞ and G n are isomorphic via a unit-preserving lattice-group isomorphism that bijects a free generating set of G n onto the projection functions p i : ½0; 1 n ! R, p i ðx 1 ; . . . ; x n Þ ¼ x i , i ¼ 1; . . . ; n. We write M n as an abbreviation for Mð½0; 1 n ; RÞ. The maximal ideal space mðGÞ of an l-group G is the collection of its maximal order-convex sublattice subgroups, called (maximal ) l-ideals, with the hull-kernel topology having as a basis of closed sets precisely the sets Z g ¼ fm A mðGÞ j g A mg with g A G. As in [2, (2.5)], the isomorphism G n G M n above induces in turn a unique homeomorphism mðG n Þ G ½0; 1 n . In summary, choosing a free generating set of G n allows us to identify G n with M n , and mðG n Þ with ½0; 1 n , which we shall henceforth do.
A state of a unital l-group ðG; uÞ is an order-preserving group homomorphism s : G ! R such that sðuÞ ¼ 1. Let l denote the Lebesgue measure on ½0; 1 n . Then the function s l : M n ! R defined by
is clearly a state. Following [2] , we call s l the Lebesgue state of M n . Let us recall the notion of basis; cf. [2, (4.3) ]. Let ½0; u ¼ fg A G j 0 c g c ug denote the unit interval of ðG; uÞ. A subset B ¼ fb 1 ; . . . ; b t g J ½0; u J G of non-zero elements together with integers 0 < m 1 ; . . . ; m t is a basis of ðG; uÞ if it generates G as an l-group, satisfies P t i¼1 m i b i ¼ u, and for every subset C J B of cardinality k d 1 with 5 C > 0 the subspace m A mðGÞ X
of mðGÞ is homeomorphic to the ðk À 1Þ-cube ½0; 1 ðkÀ1Þ . (The 0-cube is a singleton.) When G is archimedean (i.e., when 0 c a; b A G and za c b for all integers z d 1 imply a ¼ 0), the integers m 1 ; . . . ; m t are uniquely determined by b 1 ; . . . ; b t , by [2, (4.6)], and are called the multiplicities of B. Note that M n is archimedean.
Theorem. For each integer n d 1, s l : M n ! R is the unique state of M n such that for each basis B ¼ fb 1 ; . . . ; b t g of M n one has for i ¼ 1; . . . ; t
where m 1 ; . . . ; m t are the multiplicities of B, and B ffl i is the set of ðn þ 1Þ-element subsets C of B satisfying both 5 C > 0 and b i A C.
This result, which we prove in Section 2, is a considerable improvement over [2, (7. 3)], where the more technical notion of stellar basis [2, §6] was needed. Indeed, while stellar bases are only defined for free finitely generated objects, our theorem a¤ords the following corollary of independent interest.
Assume that ðG; uÞ is finitely generated. Then mðGÞ is compact and metrizable, cf. [2, (2.3)-(2.7)]. We write dim X for the dimension of the compact metrizable space X , and gðG; uÞ for the smallest cardinality of any generating set of ðG; uÞ. By [2, (3.1)], we have dim mðGÞ c gðG; uÞ. In [2, §3] , ðG; uÞ is said to have enough maximal l-ideals if dim mðGÞ ¼ gðG; uÞ.
Corollary. Fix an integer n d 1. A unital l-group ðG; uÞ is free on n generators if and only if it satisfies the following conditions.
(i) G is archimedean.
(ii) ðG; uÞ has a basis (and therefore is finitely generated ).
(iii) dim mðGÞ ¼ gðG; uÞ.
(iv) ðG; uÞ has a state satisfying (3) for each element of each basis of ðG; uÞ.
We prove this corollary in Section 3.
2 Proof of the theorem 2.1 A lemma. As in [2, §4] , we shall use Schauder bases. If v A ½0; 1 n J R n is a rational vector (that is, it has rational coordinates), then v ¼ ðr 1 =s 1 ; . . . ; r n =s n Þ for uniquely determined integers r i ; s i d 0 such that s i 0 0 and r i and s i are relatively prime. The least common multiple of the set fs i g is called the denominator of v, written den v. Passing to homogeneous coordinates as in [2, (8) ], we obtain the integer vector
Let S be an m-dimensional simplex in ½0; Let X J ½0; 1 n be a closed set. A (rectilinear) triangulation S of X is unimodular if each of its simplices is unimodular. In this case, the Schauder hat at v is the uniquely determined continuous piecewise linear function h v : X ! R which attains the value 1=den v at v, vanishes at all remaining vertices of S, and is linear over each simplex of S. The Schauder basis H S over S is the set of hats fh v j v is a vertex of Sg.
Write MðX Þ ¼ MðX ; RÞ for the unital l-group of (necessarily continuous) functions f : X ! R that coincide with the restriction to X of some element of M n , with unit the constant function with value 1. By [2, (4.4)], the Schauder basis H S is a basis of MðX Þ. Throughout, we write Tm m for the n-dimensional simplex given by the convex hull
where e 1 ; . . . 
where l denotes (n-dimensional) Lebesgue measure on ½0; 1 n . Further,
Proof. As a closed set in ½0; 1 n , U is l-measurable. Embed the set U J ½0; 1 n into ½0; 1 nþ1 J R nþ1 by the map
For notational simplicity, throughout the proof we write T for Tm m . The joins (see [3, p. 1]) of U and T with the origin O A R nþ1 are given by
By the embedding (8) Recall the cone construction for piecewise linear maps. If pP and qQ are cones in R n and R m respectively, with P, Q compact polyhedra and p, q points, let f : P ! Q be a piecewise linear map. The cone map f Ã over f is
where x A P and ð1 À mÞp þ mx is the unique expression of a point in pP. Then, by [3, (1.6 (3))], f Ã : pP ! qQ is a piecewise linear map, and it is a homeomorphism if f is. Recalling (10), we now note that OT ¼ convfO; e 1 =m 1 ; . . . ; e nþ1 =m nþ1 g. Then an elementary computation yields
where l nþ1 denotes ðn þ 1Þ-dimensional Lebesgue measure on ½0; 1 nþ1 . Since, by Claim 2,B B Ã is a piecewise linear homeomorphism with integer coe‰cients, one checks that it induces a unital lattice-group isomorphism b : MðOT Þ ! MðOUÞ by
Therefore, by [2, (3.5 (i))] and (11) we get
On the other hand, by construction OU is a cone with (not necessarily convex) base U and unit height, whence
From (13) and (14) we obtain lðUÞ ¼ 1=ðn!m 1 m 2 . . . m nþ1 Þ, which proves (6).
To prove (7), recall (9) and define the piecewise linear function b 
Let I ¼ fðx 1 ; . . . ; x n ; yÞ j ðx 1 ; . . . ; x n Þ A U and 0 c y c b i ðx 1 ; . . . ; x n Þg J ½0; 1 nþ1 :
Then (see e.g. [1, Theorem 2 in §47])
Similarly, let whence
By (15), I
Ã is a cone of unit height and base I , so that (19) yields
Using (17) and (18), from (20) we have
and finally
This completes the proof of the lemma. r 
is a unit-preserving lattice-group isomorphism that bijects the Schauder basis H S onto B. Taking k ¼ n þ 1, the lemma yields
and ð
for j ¼ 1; . . . ; n þ 1. Now consider an element b i A B, and let p i A ½0; 1 n be the oneset of the 1-cluster fb i g. Further, let C i be the family of all those onesets of ðn þ 1Þ-clusters of B that contain1 p i . By (21)-(22), b i must vanish outside of 6 C i , as the hat at v i vanishes outside of the star of v i in S. Moreover, distinct elements of C i intersect to sets of Lebesgue measure zero. Indeed, let O C ; O C 0 A C i , and assume that O C 0 O C 0 . IfB B : ½0; 1 n ! X carries O C and O C 0 to the n-dimensional simplices s and s 0 of S, respectively, then it carries O CVC 0 to t ¼ s V s 0 . But since s 0 s 0 , t is a simplex of dimension less than n, and thus lðtÞ ¼ 0. Summing up, we have
where B ffl i is the set of ðn þ 1Þ-clusters of B containing b i . From (23)- (25), we obtain ð
Recalling (1), we see that s l indeed satisfies (3). It only remains to show that if a state s : M n ! R satisfies (3) for each element of each basis of M n , then s ¼ s l . To this end, let g A M n , and assume first that g d 0.
Then, by [2, (6.1), (5.4)], there exists a basis B of M n such that g lies in the monoidal span of B. Since both s and s l satisfy (3) for each element of each basis of M n , and are group homomorphisms, we infer sðgÞ ¼ s l ðgÞ. Next note that any g 0 A M n is the di¤erence of two non-negative elements of M n , to wit g 0 ¼ ðg 0 40Þ À ðÀðg 0 50ÞÞ. Thus, by the same token, we have sðg 0 Þ ¼ s l ðg 0 Þ, and the proof is complete. r
Proof of the corollary
If ðG; uÞ G M n , then G is archimedean by direct inspection, and we have dim mðGÞ ¼ gðG; uÞ ¼ n because of the induced homeomorphism mðG n Þ G ½0; 1 n . By [2, (4.4)], ðG; uÞ has a basis. Finally, the Lebesgue state s l of M n G ðG; uÞ satisfies (iv) by the theorem.
Conversely, assume that ðG; uÞ satisfies (i)-(iv), and let s be a state of ðG; uÞ satisfying (3) for each element of each basis of ðG; uÞ. We let m ¼ gðG; uÞ ¼ dim mðGÞ. By [2, (5.2)], if ðG; uÞ is both archimedean and has a basis then it is finitely presented, i.e., it is isomorphic to a quotient of a free finitely generated unital l-group by a finitely generated l-ideal. Arguing exactly as in the proof that (i) implies (ii) in [2, (5.2)], there exist a closed subset X J ½0; 1 m that is triangulable by a unimodular triangula-1 Since the n-cube is a topological manifold with boundary, it is possible to show that C i 0 q, or equivalently, B ffl i 0 q for i ¼ 1; . . . ; t. This remark, however, is not needed in the proof.
tion, and a unit-preserving lattice-group isomorphism, such that ðG; uÞ G MðX Þ: ð26Þ
As in [2, (2.5)], (26) induces a homeomorphism
For the rest of this proof, we tacitly use the identifications (26)- (27), and we write 1 X for the unit of MðX Þ. We next prove that m must equal the number n in condition (3).
Claim. m ¼ n. Let S be any unimodular triangulation of X , and let H ¼ fh 1 ; . . . ; h t g be the (Schauder) basis over S.
It is easy to see that m < n entails a contradiction. For let C J H be an ðn þ 1Þ-element (hence non-empty) subset. If 5 C > 0, direct inspection shows that there is an n-dimensional simplex S of S such that 5 C > 0 holds over the relative interior of S. Thus, X contains an open n-dimensional ball, and cannot have dimension m < n. Therefore, 5 C ¼ 0 for any ðn þ 1Þ-element subset of H. Hence we have sðgÞ ¼ 0 for every g A MðX Þ, which is impossible because sð1 X Þ ¼ 1 for any state of MðX Þ.
Next, suppose that m > n (absurdum hypothesis). Let S be an n-dimensional simplex of S with vertices v 1 ; . . . ; v nþ1 . Consider the complex S Ã obtained by a stellar subdivision (see [3, p. . . . ; n þ 1, and h j has multiplicity m j , for j ¼ n þ 2; . . . ; t.
Direct inspection of the construction of S Ã from S yields 
for i ¼ n þ 2; . . . ; t, and and thus the absurdum hypothesis is false. This settles our claim. r By [2, (6.2)] MðX Þ is free on n generators if and only if X ¼ ½0; 1 n . We shall show that the latter equality must hold. For suppose that X H ½0; 1 n . We shall infer the contradiction sð1 X Þ < 1.
Since X H ½0; 1 n is closed, there is a non-empty open set O of ½0; 1 n disjoint from X . Since the topology on ½0; 1 n is induced by the Euclidean metric, we may assume that O is the intersection of an open ball in R n with ½0; 1 n . Then there exists an open ball B J O. It is trivial to construct an n-dimensional simplex R J B with rational vertices. By the De Concini-Procesi lemma [2, (5.4)], there is a unimodular triangulation S of ½0; 1 n such that both R and X are a union of simplices of S. Therefore, since R is n-dimensional, there must be an n-dimensional simplex S of S contained in R and thus disjoint from X . In short, there exists a unimodular triangulation S of ½0; 1 n containing an n-dimensional (necessarily unimodular) simplex S disjoint from X . We let v denote an arbitrarily chosen vertex of S.
Let s l be the Lebesgue state of M n . Let H ¼ fh 1 ; . . . ; h t g be the (Schauder) basis over S, with multiplicities m 1 ; . . . ; m t , and let h t be the hat at v. Since, by construction, X is a union of simplices of S, there is a unique triangulation S 0 of X induced by S. Let H 0 ¼ fh 0 1 ; . . . ; h 0 w g be the (Schauder) basis over S 0 , for an index 1 c w c t, and note that its multiplicities are m 1 ; . . . ; m w . By our choice of v B X , we must have
We also have P t i¼1 m i h i ¼ 1, the unit of M n . Therefore, by the theorem,
where H ffl
